Abstract: The discrete procedures for pricing Parisian/ParAsian options depend, in general, by three dimensions: time, space, time spent over the barrier. Here we present some combinatorial and lattice procedures which reduce the computational complexity to second order. In the European case the reduction was already given by Lyuu-Wu [11] and , in this paper we present a more efficient procedure in the Parisian case and a different approach (again of order 2) in the ParAsian case. In the American case we present new procedures which decrease the complexity of the pricing problem for the Parisian/ParAsian knock-in options. The reduction of complexity for Parisian/ParAsian knock-out options is still an open problem.
Méthodes binomiales rapides pour le pricing d'options parisienne et parAsian Introduction
Parisian options are barrier options which can knocked in or out depending on time that the underlying asset has spent over a barrier. Such a time can be counted either consecutively or cumulatively. In the former case (Parisian contracts) the clock counting the time is reset as soon as the underlying asset goes down the barrier, in the latter case (ParAsian contracts) the clock is not reset but continues ticking as long as the underlying asset is beyond the barrier.
There are several approaches for pricing Parisian and ParAsian options. Haber and al. [9] and VetzalForsyth [12] introduced a Partial Differential Equation (PDE). They considered a three dimensional PDE problem (time, asset price and time spent over the barrier) which can be solved using finite differences or finite elements methods. The PDE approach covers both Parisian and ParAsian options as well as the case of early exercise features (American options).
A different approach consists in the use of binomial or trinomial lattice techniques. In the Cox, Ross, Rubinstein [4] framework, a binomial tree can incorporate the Parisian/ParAsian feature by considering the paths for which the duration condition is satisfied.
In the discrete technique there are different ways to count the time spent over the barrier: we can count the nodes of the path which lies over the barrier ("counting nodes" approach) or the number of time steps which stays completely over the barrier ("counting steps"). In the Parisian case the two approaches are equivalent, but in the ParAsian case the counting methods are different.
Avellaneda-Wu [1] use a convergent trinomial lattice in order to price European Parisian options. The procedure, as in the PDE case, has computational complexity of order O(n 3 ), where n is the number of time steps of the tree. More recently Lyuu-Wu [11] proposed a combinatorial binomial approach which permits to obtain a procedure of order O(n 2 ) for the European Parisian case, improving the algorithm of Costabile [3] of complexity O(n 3 ). All such techniques cannot be applied to the ParAsian case. Li-Zhao [10] provided a new combinatorial approach based on generating functions and Chung-Feller counting theorem. The Chung-Feller Theorem can be applied since they use the "counting steps" approach. They obtain a procedure of order O(n We propose here a different binomial tree combinatorial approach which allows us to obtain a procedure of order O(n 2 ) both for European Parisian. and ParAsian options. In the ParAsian case we use a "counting node approach" which seems more related to the discrete framework, proving a procedure which is completely different from the one of Li-Zhao [10] .
Furthermore we are able to treat the Parisian/ParAsian knock-in American case with a second order complexity procedure as well. The possibility of reducing the complexity of the algorithms to the second order in the Parisian/ParAsian knock-out American case remains an open problem.
It is well know that the use of the binomial method for pricing barrier options is problematic from the computational point of view. Costabile [3] and Lyuu-Wu [11] use the Boyle-Lau [2] technique in order to overcome such a problem. This method, based on the idea to choose trees with a line of nodes closest as possible to the barrier, permits to obtain sufficiently precise estimates, but it is problematic in the case of a barrier closed to the initial value of the underlying asset ("near barrier problem"). Here we use the algorithm proposed in Gaudenzi-Zanette [8] in order to further increase the efficiency of the numerical procedures presented for the Parisian/ParAsian options. Such an algorithm is based on a backward procedure where the nodes of the tree are generated from the barrier and it permits to overcome the problem related to the specification error of the barrier (see Figlewsky-Gao [6] ) and to treat the near barrier problem in a natural way.
The paper is organized as follows: in Section 1 we present the model of the risk asset and the option pricing problem; in Section 2 we present the proposed algorithms for the European Parisian/ParAsian options; in Section 3 we introduce the algorithm for pricing Parisian/ParAsian American knock-in options. Finally, in Section 4, we provide a comparison of the results obtained by such techniques with the tree methods and finite difference methods proposed in the past literature.
1 Model and tree structure
The model
In this paper, we consider a market model where the evolution of a risky asset is governed by the Black-Scholes stochastic differential equation
where (B t ) 0≤t≤T is a standard Brownian motion, under the risk neutral measure Q. The nonnegative constant r is the interest rate, σ is the volatility of the risky asset and δ is the continuous dividend yield. T is the time to maturity and we will denote by K the strike of the option. For pricing Parisian/ParAsian options in this lognormal model, we consider now a binomial approach. Let n be the number of steps of the binomial tree and ∆T = T /n the corresponding time-step.
The standard discrete binomial process is given by
where the random variables Y 1 , . . . , Y n are independent and identically distributed with values in the set {u, d}. Let us denote by π = P(Y n = u) the probability of an up jump and by ρ = e −r∆T the discount factor. The Cox-Ross-Rubinstein tree (see [4] ) corresponds to the choice u =
We shall consider Parisian-style options (which means Parisian or ParAsian options) with barrier B and window period W . For sake of conciseness, in the sequel we shall consider only "up" barriers, the cases of "down" barrier can be treated in a similar way. In the Parisian knock-out case the barrier option vanishes if the price of the underlying asset remain for a period longer than the window period W over the barrier. In the knock-out ParAsian case the barrier option expires if the total time spent over the barrier is greater than W (hence the "Parisian" price is greater than the "ParAsian" price). Correspondingly in the knock-in case the previous windows period conditions activate the barrier. In the American case the option may be exercised at every time for which the Parisian-style contract is active. Parisian-style options need pricing algorithms of barrier options. For this purpose we use a tree structure adapted to this case.
Tree structure for barrier options
The tree structure previously introduced requires some adjustments in the barrier case. In this section we will discuss the binomial tree that will be used for our pricing problems. We will use the approach introduced in [8] in order to treat efficiently the problem of the specification error on the barrier due to the binomial method (see [2] ).
We assume that the number n of time steps of the tree is even and we construct a tree with nodes whose underlying is S i,j = Bu 2j−i , with i = 0, ..., n.
In the usual CRR tree one has j = 0, ..., i whereas here j has a different range since the tree is enlarged and translated (see Figure 1 ). In fact we need that at time 0, s 0 lies between four nodes of the tree, two over s 0 and two under s 0 , in order to perform a four points interpolation at s 0 which will provide the price of the option.
To this end we denote by j S the largest even integer j such that Bu j ≤ s 0 . Then we take
so that j at time step i varies between j min − 1 and j min + i + 2.
In this way at time t = 0 we will obtain four nodes S 0,jmin+j , j = −1, 0, 1, 2, with underlying assets: Bu jS +2j , j = −1, 0, 1, 2. The price at s 0 will be computed by interpolating (by using Lagrange interpolation method) the option prices evaluated in these four nodes at s 0 . When We propose here binomial procedures of computational complexity O(n 2 ) for European Parisian and ParAsian options. In the Parisian case we propose a modification of the Avellaneda-Wu [1] tree method which permits us to reduce the complexity of the algorithm to the order 2. A second order procedure in this case has been already obtained by a different technique by Lyuu-Wu [11] . On the contrary the Avellaneda-Wu and LyuuWu procedures are not applicable to the ParAsian case. Moreover in the ParAsian case there are not lattice algorithms available in literature with complexity O(n 2 ). The finite difference procedure of Haber et al [9] , solving the PDE associated to the ParAsian case is of order O(n 3 ). To this purpose, we introduce here a new backward programming algorithm, of complexity O(n 2 ), which exploits appropriate combinatorial formulas available in Gaudenzi [7] .
All the procedures here introduced could be applied on a standard CRR tree, but we will apply it to the tree described in the previous section, in such a way we can evaluate the price of the Parisian-style options with a more precise technique.
We will consider the cases of European Parisian and ParAsian up-and-out call options. The knock-and-in case can be easily obtained by the parity conditions for knock-and-in and knock-and-out barrier options holding in the European case, in the case of Parisian/ParAsian options the only difference is that we have to consider the sum of an up-and-out call option with time period W and an up-and-in call option with the same time period W . The treatments for down or put options are similar.
In the sequel we set
l represent the window period in the discrete setting. We also assume l < n. This means that a knock-out Parisian option will be active if there are not more than l nodes (counted either consecutively or cumulatively) which lies over the barrier. "Over the barrier" means the weak inequality, that is either on the barrier or strictly over the barrier. Similarly a knock-in Parisian option will become active if there are at least l + 1 nodes which lies over the barrier.
European Parisian options
We will use a backward dynamic programming procedure which considers only the nodes of the tree lying either exactly on the barrier or below to the barrier, with a particular treatment in the case for which s 0 > B.
For the nodes strictly below the barrier we simply use the standard backward induction procedure
where v i (S) denotes the European Parisian option price at time i associated to the node with underlying asset S.
For the nodes lying exactly on the barrier (where the recursion formula (3) does not hold) we will compute the option price value by considering all the possible paths starting from these nodes and reaching a node lying below the barrier with a number of steps less or equal to l.
To this end we first need to evaluate the number of the paths which stay over a barrier. At first we consider the number of all paths starting from the level Bu m , arriving at level Bu j , m, j ≥ 0, after s time steps and staying always over the barrier lying at the level B. Such number, which can be evaluated by the "reflection principle" (see Feller [5] ) from which we get
We must have s+ m+ j even otherwise the final node is not reachable and |m− j| ≤ s. Moreover, if m+ j + 2 > s all the paths lie always over the barrier and the second binomial coefficient in (4) vanishes.
In the particular case j = 0 we get
Here, we have used the same notations of [7] . When m = 0, s must be even, so by replacing s with 2s the previous formula becomes
c s counts the number of all the possible paths of 2s steps, starting and arriving on the barrier, which stays always over the barrier. Now we are able to evaluate the price at the nodes on the barrier. Consider all the paths starting at the node (2i, i) (with underlying asset B) and arriving at the node (2(i + s) + 1, i + s) (with underlying asset Bd), s = 0, ..., int( l−1 2 ), lying always over the barrier until the next to last node (2(i + s), i + s). Such number of paths is c s . The price of the option at the node (2i, i) consists in the sum of the value of the option at the node (2(i + s) + 1, i + s) (computed by the backward induction) multiplied by the number of all the possible paths arriving to such node and staying always over the barrier until the node (2i, i) (with underlying B), multiplied for the corresponding probabilities and discounted at time 2i. Therefore the price of the known-and-out Parisian option at the node (2i, i) can be computed by the formula
We can now provide the pricing algorithm for the European Parisian options in the case s 0 ≤ B:
1. at each node at maturity we set the option price as
2. for i = n− 1, ..., n− l + 1 (where the Parisian contract is surely active) we use standard backward induction (3) at all the nodes.
3. for i = n − l, ..., |j S | − 4
• at all nodes lying strictly under the barrier (S < B) we use the backward induction (3),
• for all the nodes lying exactly on the barrier (S = B) we use the pricing formula (7).
4. for i = −j S − 3, ..., 0 we use the backward induction (3) (here all the nodes are below the barrier).
5. we interpolate the four points (Bu jS +2j , v 0 (Bu jS +2j )), j = −1, 0, 1, 2 at s 0 , obtaining in such way the price of the option.
In the case s 0 > B the step 4 (consisting in the backward induction procedure) has to be replaced by the direct computation of v 0 (Bu
By virtue of (5) such prices can be obtained by
Remark 1 In the cases j S = −2, j S = 0 we will use a three points interpolation in order to take into account the near barrier problem (see Section 2).
The described algorithm has time complexity O(n 2 ) and space complexity O(n). In fact the backward induction procedure has these complexities. Moreover each computation formula (7) needs a linear number of operations. In fact, one has
where the coefficients c s , α s , s = 0, ..., L can be computed recursively by:
The same holds true for the formula (9) . In fact
where the coefficients c ′ s = B 2s,2j , s = j, ..., L can be computed recursively by:
Note that the computation of c s , α s do not depend on time step i, hence they can be evaluated once at the beginning of the whole procedure.
European ParAsian options
The procedure use a scheme similar to the Parisian case with an important modification of the computations of the prices on the barrier. For the nodes strictly below the barrier, as before, we use the backward induction procedure (3). In the case of the nodes lying exactly on the barrier the direct application of the previous procedure to the ParAsian case, leads to a procedure of computational order O(n 3 ), therefore a completely different approach is needed here. First we remark that in the case of Parisian option we have counted the number of time steps for which the paths stay over the barrier while here we will count the number of nodes of the path lying over the barrier. If a path stays for l consecutive steps over the barrier then it has l + 1 nodes over the barrier, therefore in the ParAsian case it will be natural to use l + 1 as counting index instead of l. For sake of simplicity of notation we still use l in all our formulas, but in the implementation of the procedures l must be substituted by l + 1.
Let us we consider the the number Θ 2m (l) which counts all the paths of 2m steps starting from the node (2i, i) on the barrier, arriving at the node (2(i + m), i + m) and having not more than l nodes which stay over the barrier (the first and the last node of the path are counted as well). By Corollary 2 of [7] ) (see Case 1) such number is
where
In [7] ) the computation of Θ 2m (l) has been deduced from the computation of the number T 2m (l) of all the paths of 2m steps starting, as before, from the node (2i, i) on the barrier, arriving at the node (2(i + m), i + m) and having exactly l nodes which stay over the barrier. Such number (see Case 1 of Theorem 1 in [7] ) is
In fact, by the previous equation one has
Consider again the node (2i, i) lying on the barrier. Given a path γ starting from this node and arriving at maturity, we consider the largest index m, i ≤ m ≤ n 2 , such that the node (2m, m) belongs to the path γ. We call this node the "exit node" of the path γ. The set of all the paths starting from the node (2i, i) and arriving at maturity will be partitioned in disjoint subsets Γ s , s = i, ..., n 2 , whose elements are the paths having (2s, s) as exit node. We now consider, for s < With the previous notations, one has that the price at the node (2i, i) of our ParAsian option is then given by v 2i (B) = P 2i (l), where
The first term of this formula is the sum of all the contributions of the paths of Γ down s with s < n 2 . The second term is the sum of all the contributions of the paths of Γ up s with s < n 2 (in this case the path has n − 2i − 2s nodes lying over the barrier after the exit node). The third term is the contribution of the paths of Γ n/2 .
When s 0 ≤ B the pricing algorithm for the European ParAsian options is similar to the one described in the Parisian case, the pricing formula (7) is replaced by the pricing formula (17).
When s 0 > B the algorithm in the ParAsian case has to be changed with respect to the Parisian case since it is not possible to use the value of the option below the barrier. In fact a path which starts over the barrier when will arrive at a node under the barrier it has already spent a time over the barrier, so the price at the node does not coincide with the price of the option starting from that node which is the price evaluated by the backward procedure. So we apply a direct forward procedure in order evaluate the four prices v 0 (Bu ) , j > 0, of all the paths starting to this node, arriving at the node (2s, s) of the barrier and lying always strictly over the barrier before such node. For the price at this node we can consider the previous formula (17) where the discrete time l has to be decreased by the time already spent over the barrier, so that, by virtue of (5) we obtain
The time complexity of the procedure is O(n 2 ). In fact the backward induction procedure has these time complexity. Moreover each computation formula (17) needs a linear number of operations if a preprocessing procedure consisting in the computation of the matrix Θ 2s (j), s = 1, ..., n 2 , j = 1, ..., 2s + 1 is performed. By virtue of the recursive relation (15) and (16), this matrix can be computed with a second order complexity algorithm before the pricing procedure. The computation of formula (18) have complexity O(n 2 ) using the computation formula (17) which is linear. In fact the formula (18) can be written
where the coefficients c ′′ s can be computed recursively in a similar way as in (12) . The space complexity of the procedure, as described previously, is O(n 2 ). However it can be reduced to O(n) with some suitable choices, like to store only Θ s (j), j = 0, ..., s + 1, and to evaluate the sums until this term, then we evaluate Θ s+1 (j) and so on.
Binomial method of second order in the American knock-in case
In the discrete framework an American Parisian [ParAsian] knock-in option is an option which becomes active when the underlying asset presents l consecutive [cumulative] nodes of the path over the barrier. If the option becomes active at time step i ≤ n and has underlying asset S, the holder got a plain-vanilla American option with n − i time steps to maturity and initial underlying asset S. We denote by v amer i (S) the price of this option. Let us remark that by a unique standard backward binomial procedure, of order O(n 2 ), we can obtain the values of v amer i at every node of the tree.
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American Parisian knock-in
In order to evaluate American Parisian knock-in options we will use a scheme similar to those described in the case of European Parisian options (see Section 2.1).
For our pricing formulas we need to evaluate the number of paths of the tree starting from the level B, arriving at the level Bu s after l − 1 time steps (l + s odd) and never lying under the level B. Such number is equal to B l−1,s and it has been already computed in (5) .
The price of a knock-in Parisian option on the nodes of the barrier is computed by the formula
The first sum consider all the contributions given by the paths starting from the node (2i, i) and having l consecutive nodes (i.e. l − 1 time steps) which lie over the barrier. These contributions take into account the plain-vanilla American option price at the node of the paths where the option becomes active. The second sum considers all the contributions given by the paths starting from the node (2i, i) and arriving below the barrier with less than l − 1 time steps (see Figure 3) .
As in the case of European Parisian options, when s 0 > B we need to compute v 0 (Bu 
where j 0 = max(2j − l + 1, 0). The first sum consider all the contributions given by the paths lying always over the barrier for the first l − 1 time steps and the number of such paths is evaluated by virtue of (4). The second sum is the equivalent of (9). The numerical algorithm proposed in the European Parisian case can be modified in the following way. The steps 1 and 2 are replaced by the terminal condition v n−l+1 (S) = 0 at all the nodes. In the Step 3 pricing formula (7) is replaced by (20). In the case s 0 > B, in Step 4 we use formula (21) instead of (9) .
Using similar arguments as in the European Parisian case we can state that the time complexity is again O(n 2 ) and the space complexity in O(n). 
American ParAsian knock-in
In this case we use a different procedure: we evaluate by combinatorial formulas directly the price without considering the backward induction.
We can obtain procedures of order 2 by using the binomial formulas introduced in [7] which allows to count the number of paths having exactly l nodes, counted cumulatively, lying over the barrier. To this end we consider the coefficients B s,k defined in (5) . Such coefficients can be evaluated, for all s, k, s, k = 0, ..., n, by a procedure of order 2 in a easy way. In fact we have
We need to evaluate the number T n,j,m (l), i.e. the number of all paths of n steps starting from the initial position, whose underlying is Bu j , arriving at level Bu m and having exactly l nodes over the barrier. We remark that the number T n (l), previously introduced (see (14), is equal to T n,0,0 (l). We consider only paths whose position of arrival is over the barrier, hence m ≥ 0, while j can be both negative and positive.
By Theorem 1 of [7] we get 
We will need to evaluate the difference between T n,j,m (l) and T n,j,m (l − 1). By the previous equations we get
In order to establish the price of an American ParAsian knock-in option we need to compute the coefficients T n,j,m (l) at all the nodes over the barrier. The formula (23) requires a number of computations of order O(n), but the nodes involved are of order O(n 2 ). Therefore, we have to modify the procedure in order to reduce the computational complexity to second order.
Assume first that the underlying asset of the initial position lies strictly under the barrier, i.e. j < −1. In order to develop the procedure we will use some properties of the numbers T n,j,m (l): By virtue of the previous properties we can evaluate all the coefficients T s,j,m (l) for 0 ≤ m ≤ l −1, 0 ≤ s ≤ n, by a procedure of order O(n 2 ) as follows:
Initialization:
• calculate first the coefficients B s,k , s = 0, ..., n, k = 0, ..., s by the scheme (22);
• calculate the numbers T n,j,m (l), m = 0, ..., l − 1, with m − j even, by (23) (here we are considering only the nodes at maturity);
• calculate the numbers T s,j,l−1 (l), for s = l − 1 − j, ..., n with l − j + s odd, by Property 2 (here we are considering the highest reachable nodes);
• calculate the numbers T s,j,l−2 (l − 1), for s = l − 1 − j, ..., n − 1 with l − j + s even, by Property 3;
Backward calculation. For s = n − 1, n − 2, ..., l − 1 − j do the following steps: 
Consider now the case j ≥ 0. If j < l − 1 the procedure is similar to the previous, it just changes Property 2 and, consequently, Property 3. Now the option becomes active at the time step s = l − 1 when the path remains always over the barrier (see formula (4)) or, eventually, at time steps s ≥ l when the path has at least one node strictly under the barrier. In this second case the highest reachable level for the underlying asset at time step s by a path having exactly l nodes over the barrier, is Bu l−j−2 . Such level is achievable just by paths which stay over the barrier for the first j steps and the last l − j − 2 steps. Therefore, Property 2 becomes
We can conclude that (25) becomes
If j ≥ l − 1 the procedure is simpler, in fact the option is surely activated just at time step l − 1 and the calculus of the v 0 (Bu j ) depends only on the values of v 
Numerical results
In this section we provide some numerical comparisons of the algorithms presented in the previous sections with the binomial method of Lyuu-Wu [11] , the trinomial method of Avellaneda-Wu [1] and the finite difference algorithms of Haber et al. [9] . In order to test the efficiency we will consider the numerical experiments proposed in [1] . We will price Parisian style options with: volatility σ = 0.13, interest rate r = 0.056, continuous dividend yield q = 0.007, current stock price s 0 = 1/120.5, strike price K = 1/125, time to maturity T = 0.5 and barrier 1/110. We illustrate the numerical results for different windows periods.
In the ParAsian case we provide a numerical comparison also with the combinatorial method of Li-Zhao [10] using the parameter and the data provided by the authors.
In order to obtain more precise approximations a time interpolation with respect to the windows period is necessary. In fact, for small number of steps, the prices are very sensitive to the integer approximation l = int( W T n). Hence we can use a linear interpolation of the prices corresponding to the choice of the integers l and l + 1. This adjustment will be used for our method only in the ParAsian case (both in the European and American case).
All the computations presented in the tables have been performed in double precision on a PC with a processor Centrino at 2.4 Ghz with 4 Mb of RAM.
European Parisian options
We compute the price of up-and-out Parisian call options with the following methods:
• the PDE finite difference method of Haber et al [9] of order 3 (HSW);
• the trinomial method of Avellaneda-Wu [1] of order 3 (AW);
• the forward binomial method of Lyuu-Wu [11] of order 2 (LW);
• the backward binomial method, introduced in Section 2.1, of order 2 (GZ).
We choose for the tree methods different time steps n = 100, 200, 400, 800, 1600. The Lyuu-Wu method requires a different choice of such numbers related to Boyle-Lau technique. In the finite different case we choose a mesh close to the corresponding time steps of the tree methods.
In Table 1 we report the price estimates for European Parisian options with time of computation in parentheses.
We provide a second table, Table 2 , with barrier near the initial spot value: B = 1/120. In this case we choose also a longer windows period W = 10/360, 30/360. 
European ParAsian options
In this case both Avellaneda-Wu and Lyuu-Wu techniques are not available. Therefore we will compare, in Table 3 , our technique of order 2 with the the PDE finite difference method of Haber et al [9] of order 3.
n HSW GZ 5 days 15 days 30 days 5 days 15 days Table 3 : European ParAsian up-and-out call options with s 0 = 1/120.5 and barrier B = 1/110 (all the prices has been multiplied by 10 6 , time in seconds)
Moreover we propose a table where we compare the generating functions method of Li-Zhao (LZ) for ParAsian options using the "counting steps" approach with our technique based on the "counting nodes" approach. Now the parameters are σ = 0.2, r = 0.08, q = 0, s 0 = 100, K = 95, T = 1, B = 110 and windows period 15 days. In this table we report as Benchmark the price, with the corresponding confidence interval, obtained with Monte Carlo method using 10 7 simulations and 720 time discretisation steps. 
American Parisian/ParAsian knock-in
Also in this case both Avellaneda-Wu and Lyuu-Wu techniques are not available. Therefore we will price our technique only with the the PDE finite difference method. In Table 4 we report American Parisian knock-and-in options prices, whereas in Table 5 we will consider the American ParAsian knock-and-in case. 
